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Abstract
Let X =∏s∈S Xs be the product of metrizable spaces. We prove that if the spaces Xs are heredi-
tarily Baire, then X is Baire, and moreover, X has the Namioka property: any map f :X → C(K) into
the function space which is pointwise continuous, has a point of continuity with respect to the norm in
C(K). In case of arbitrary metrizable factors, we show that any pointwise continuous f :X → C(K)
is σ -fragmented by the norm, extending a theorem from [Jayne et al., J. Funct. Analysis 117 (1993)
243–273] to the product spaces.
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1. Introduction
We shall present main results of this paper, outlining on the way some background.
All our spaces are completely regular. We shall denote by C(K) the space of continuous
real-valued functions on the compact space K . We write Cp(K) to denote the space C(K)
equipped with the topology of pointwise convergence. Let us recall that each metrizable
space embeds in some Cp(K) (in fact, one can take as K the one-point compactification of
a discrete space).
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into Cp(K). The points of norm continuity of f are the points of continuity of the function
with respect to the sup-norm in C(K).
A space X is Baire if every comeager1 set in X is dense and it is hereditarily Baire if
all closed subsets of X are Baire [13]. A theorem of Hurewicz [10] asserts that a metriz-
able space X is hereditarily Baire if and only if all nonempty perfect (i.e., closed, without
isolated points) sets in X are uncountable. In fact, as we shall show in Section 6, the char-
acterization is valid for the spaces embeddable in Cp(K)-spaces.
We say that X has the Namioka property if for every pointwise continuous function
f :X → C(K) the set of points of norm-continuity is dense in X. Saint Raymond [21]
proved that spaces with the Namioka property are Baire spaces, and in the realm of metriz-
able spaces these two classes coincide.
But, as was demonstrated by Haydon [9], there are subspaces of Cp(K) (even with K
scattered) that are Baire but do not have the Namioka property. Hereditarily Baire sub-
spaces of Cp(K)-spaces have the Namioka property. This follows from a theorem of Edgar
and Wheeler [6] that a hereditarily Baire subspace X of Cp(K) contains a dense Gδ set H
such that the norm and the pointwise topology on X coincide at each point of H , and from
the theorem of Saint Raymond.
Let us recall that the product of metrizable Baire spaces (separable metrizable, heredi-
tarily Baire spaces) may not be Baire (hereditarily Baire), cf. [8] (cf. [1,16]).
However, we have the following
Theorem 1.1. Let Xs , s ∈ S, be metrizable hereditarily Baire spaces. Then the product∏
s∈S Xs has the Namioka property (hence, in particular, the product is a Baire space).
In fact, by the Edgar–Wheeler theorem, this is true for the wider class of hereditarily
Baire subspaces of Cp(K)-spaces.
The assertion of Theorem 1.1 seems new already for the product of two metrizable
spaces (in this case the Namioka property of the product is equivalent to the Baire property,
and the assertion corrects a comment in [5], Remark 4.3). However, it is an open problem,
if the product of two metrizable Baire spaces must be a Baire space, provided one of the
spaces is hereditarily Baire, cf. Section 3.3. We discuss also in Section 3 several other
topics related to Theorem 1.1.
The proof of Theorem 1.1 is given in Section 2.
To shed some more light on the subject, we shall consider also the notion of σ -
fragmentability of functions, introduced by Jayne et al. [11]. The function f :X → C(K)
is σ -fragmented by the sup-norm in C(K) if, for each ε > 0, there is a decomposition
X =⋃n Xn such that whenever A ⊂ Xn is nonempty, there is V open in X with V ∩ A
nonempty and diamf (V ∩A) ε (diam stands for the diameter of the set).
It is proved in [11] that any pointwise continuous function f :X → C(K), defined on a
metrizable space X, is σ -fragmented by the norm in C(K).
1 A subset of X is meager if it is the union of countably many closed boundary sets. The complement of a
meager set is called comeager.
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function σ -fragmented by the norm in C(K) then the points of norm-continuity of f are
dense in X. This provides another point of view on the fact that metrizable Baire spaces
have the Namioka property. Analogously, for the products of metrizable spaces, we have
the following
Theorem 1.2. Every pointwise continuous function f :∏s∈S Xs → C(K) defined on the
product of metrizable spaces is σ -fragmented by the norm in the function space C(K).
Corollary 1.3. The product
∏
s∈S Xs of metrizable spaces has the Namioka property if and
only if it is a Baire space.
The setting and the main ideas of the proof of Theorem 1.2 are closely related to various
results in the literature on the subject, cf. [2,21,14,18].
The proof, given in Section 4, is based on a game Gχ(X) played by two players (I)
and (II) in the space X. We shall consider the class X of the spaces favorable for the
player (II) and show that X contains all metrizable spaces, it is closed under the prod-
uct operation, and all pointwise continuous functions f :X → C(K) with X ∈ X are
σ -fragmented by the norm in C(K).
There are closed subspaces of products of the real line Rτ ∈ X not belonging to X .
However, a modification of the game GX yields a class X ′ ⊂ X containing all metrizable
spaces, hereditary with respect to closed subspaces and stable under the Σ -products oper-
ation, cf. [7, 3.10.D]. In effect, one obtains an analogue of Theorem 1.2 for closed subsets
of Σ -product of metrizable spaces. We discuss in Section 5 this, and some other topics,
related to Theorem 1.2. Finally, let us notice that the class X ′ contains all p-spaces, in
particular ˇCech-complete spaces, hence the assertion of Theorem 1.2 remains valid for the
products of such spaces.
2. Proof of Theorem 1.1
Let us recall that a space Z has countable tightness if for every z ∈ A there exists a
countable C ⊂ A with z ∈ C, cf. [7, 1.7.13].
Lemma 2.1. Let X be a space whose finite products have countable tightness and let F be
a countable collection of relations on X, with F ⊂ XmF boundary in XmF for F ∈F . Then
for any countable Z ⊂ X there exists a countable set Y such that Z ⊂ Y and F ∩ YmF is
boundary in YmF for any F ∈F .
Proof. We shall define countable subsets Y0 = Z ⊂ Y1 ⊂ Y2 ⊂ · · · of X as follows. Sup-
pose Yj−1 is already defined and let AF = F ∩ YmFj−1. Then each point in the countable set
AF is in the closure of XmF \F and therefore, by the assumption, there exists a countable
set CF ⊂ XmF \ F with AF ⊂ CF . For each F pick a countable subset ZF of X such that
CF ⊂ ZmF , and set Yj = Yj−1 ∪⋃F∈F ZF . In effect, no point of F ∩ YmF is in the inte-F j−1
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⋃∞
n=0 Yj has the required
properties. 
The next lemma deals with the Σ -products. The Σ -product of spaces Xs , s ∈ S, with
a base point a = (as) ∈∏s∈S Xs , is the subspace of the product
∏
s∈S Xs consisting of
points x = (xs) with xs = as for all but countably many s, cf. [7, 3.10.D]. Given the Σ -
product X, a cube E in X is a product
∏
s∈S Es ⊂ X, where Es ⊂ Xs is the sth face of E.
Let us notice that all but countably many faces Es of the cube are singletons {as}.
Lemma 2.2. Let X be the Σ -product of metrizable spaces Xs , s ∈ S, and let F be a
countable collection of relations on X, with F ⊂ XmF boundary in XmF for F ∈F . Then
for any countable D ⊂ X there exists a closed cube E in X with all faces separable, such
that D ⊂ E and F ∩EmF is boundary in EmF for any F ∈F .
Proof. The Σ -product X has countable tightness, cf. [7, 3.10.D]. We shall define induc-
tively cubes E(1),E(2), . . . in X with separable faces, and countable sets Y(1), Y (2), . . .
in X such that E(1) ⊂ Y(1) ⊂ E(2) ⊂ Y(2) ⊂ · · · and F ∩ Y(j)mF is boundary in Y(j)mF
for F ∈F .
We begin with Y(0) = D ∪ {a}, where a is the base point of the Σ -product. Having
defined Y(j − 1), we find a cube E(j) in X with separable faces, containing Y(j − 1).
Then we pick a countable dense set Z(j) in E(j) and choose a countable Y(j) containing
Z(j), as in Lemma 2.1.
Let E = ∏s∈S
⋃∞
j=1 Es(j), where Es(j) denotes the sth face of E(j). Since E =⋃∞
j=1 E(j) =
⋃∞
j=1 Y(j), our construction assures that E has the required properties. 
We are ready now to start the proof of Theorem 1.1. Let Xs , s ∈ S, be metrizable hered-
itarily Baire spaces. First let us make sure that
∏
s∈S
Xs is a Baire space. (1)
Aiming at a contradiction, assume that
∏
s∈S Xs =
⋃
n Fn, with Fn closed and boundary in
the product. Pick as ∈ Xs arbitrarily, and let X be the Σ -product, based at a = (as). Since
X is dense in
∏
s∈S Xs , Fn ∩ X is boundary in X. Applying Lemma 2.2 to the collection
F = {Fn ∩ X: n = 1,2, . . .} with mF = 1 for all F ∈ F , one gets a cube E =∏s∈S Es in
X with all faces separable and closed in Xs such that E is not a Baire space. This, however,
contradicts the fact that E can be identified with the product of countably many separable
metrizable Baire spaces, cf. [19, 2.6].
Passing to the Namioka property, let us consider a pointwise continuous function
f :
∏
s∈S
Xs → C(K),
where K is a compact space. By virtue of (1), it is enough to find for each natural n a
nonempty open set U in the product with diamf (U) 1/n, the diameter being considered
in the sup-norm ‖ ‖. Since the pointwise closure in C(K) does not increase the diameter,
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relatively open sets in X. To this end let us fix ε > 0 and let us consider the relation
Fε =
{
(x, y) ∈ X ×X: ∥∥f (x)− f (y)∥∥ ε}. (2)
The relation is closed in X ×X, f being pointwise continuous. We shall show that
Fε has nonempty interior. (3)
Suppose that (3) is false and apply Lemma 2.2 to the single relation Fε . We get a cube
E =∏s∈S Es in X (hence all but countably many faces of E are singletons) such that all
Es are separable Baire spaces and Fε ∩E ×E is boundary in E ×E.
Since E is a separable Baire space, cf. [19, 2.6], it has the Namioka property, cf. [21].
Therefore there must be a nonempty relatively open V in E with diamf (V ) ε. But then
V × V ⊂ Fε ∩E ×E, contradicting the assumption.
In effect, given an n, we get from (3) a relatively open nonempty set U and a point
z ∈ X with U × {z} ⊂ F1/2n. Then, for any x, y ∈ U , ‖f (x) − f (y)‖ ‖f (x) − f (z)‖ +
‖f (z)− f (y)‖ 1/n, which completes the proof of Theorem 1.1.
3. Some supplements to Theorem 1.1
3.1. Closed subsets of Σ -products
In the proof of Theorem 1.1 we actually show that the Σ -product X of the spaces Xs
is a Baire space and we use this fact to demonstrate that it has also the Namioka property.
If the spaces Xs, s ∈ S, are completely metrizable, then the arguments similar to those in
the proof of Theorem 1.1 (but invoking merely Lemma 2.1 in place of Lemma 2.2) give a
stronger assertion.
Proposition. Let Xs, s ∈ S, be completely metrizable spaces. Then the Σ -product X of
the spaces Xs is hereditarily Baire. Moreover, any closed subset of X has the Namioka
property.
3.2. The infinite products
Under the assumptions in Theorem 1.1, the Baire property of the product can be
strengthened to the following effect.
Proposition. Let Xs, s ∈ S, be as in Theorem 1.1. If infinitely many spaces Xs are non-
trivial, then any comeager set in the product
∏
s∈S Xs contains a Cantor set.
To justify the proposition it is enough to supply the first part of the proof of Theorem 1.1
with the following fact, based on Oxtoby’s arguments, cf. [19, 2.6].
Lemma. Let E =∏∞n=1 En be the product of nontrivial separable metrizable Baire spaces
En and let F be a countable collection of closed boundary sets in E. Then there exists a
cube
∏∞
n=1 Kn ⊂ E \
⋃F with infinitely many nontrivial faces.
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({z} ×∏n>m En) is boundary in {z} ×
∏
n>m En}. Furthermore, for z ∈ G(F,m) we set
H(F, z) = {t ∈ Em+1: (z, t) ∈ G(F,m+ 1)}.
By the Kuratowski–Ulam theorem, cf. [15, §22, V], F being closed in E, for any m and
z ∈ G(F,m) the set H(F, z) is comeager in Em+1.
Let us list the elements of F as F1,F2, . . . . We shall define a sequence n1 < n2 < · · ·
of positive natural numbers and sets Kn ⊂ En, with Kn containing exactly two points if
n = nj for some j > 0, and Kn being a singleton, otherwise. We shall do it so that for each
j > 0,
∏
nnj Kn ×
∏
n>nj
En is disjoint from Fj and∏nnj Kn ⊂
⋂
F∈F G(F,nj ).
We start with n0 = 0, choosing a nonempty basic open set U in E =∏n>n0 En, disjoint
from F1. Let n1 > n0 be such that U =∏n1n=n0+1 Un ×
∏
n>n1
En, Un ⊂ En, for n0 < n
n1, and Un1 is not a singleton.
Since En are Baire spaces, one can pick consecutively singletons Kn ⊂ Un, for n0 <
n< n1, and a doubleton Kn1 ⊂ Un1 such that, for n0 < n n1, Kn is in the intersection of
the comeager sets H(F, z), where F ∈F and z ∈∏n′<nKn′ .
Suppose we have defined for a j > 0 the number nj and the sets Kn for n  nj . The
second inductive condition allows one to find a basic open set U in
∏
n>nj
En such that∏
nnj Kn ×U is disjoint from Fj+1. Then one can repeat the reasoning from the first step
of the construction in order to find nj+1 > nj , singletons Kn, for nj < n < nj+1, and a
doubleton Knj+1 so that both inductive conditions are met.
The first inductive condition implies that the infinite product
∏∞
n=1 Kn misses all ele-
ments of F . 
3.3. The finite products
In this section we shall consider only metrizable spaces. We do not know if the product
X × Y of the Baire space X and the hereditarily Baire space Y must be a Baire space.
Let us call a Baire space X stable (weakly stable) if X × Y is Baire for any Baire
(hereditarily Baire) space Y .
There exist non-stable Baire spaces (called in the literature “barely Baire”), cf. [3,8,
20]. We do not know whether all Baire spaces are weakly stable. We shall derive from
Theorem 1.1 an observation indicating that the decomposition method used by Fleissner
and Kunen [8] and in [20] to construct nonstable Baire spaces cannot be applied directly
to define a Baire space that is not weakly stable.
Proposition. Let X be a metrizable hereditarily Baire space and let X =⋃i1 Xi . Then
there exists an i such that Xi contains a nonempty relatively open, weakly stable Baire
subspace.
Proof. Suppose that this is not true, and let us consider in the space Xi a maximal pair-
wise disjoint collection Vi of open subsets of Xi and, for each V ∈ Vi , a metrizable
hereditarily Baire space YV such that the product V × YV is meager. Then the product
X × (∏i1
∏
V∈Vi YV ) is meager, which contradicts Theorem 1.1. 
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Let F ⊂ Xm be a relation on X. A set J ⊂ X is F -independent if for any choice
x1, . . . , xm of pairwise distinct elements from J , (x1, . . . , xm) /∈ F . If F is a countable
collection of relations on X, F -independence of J ⊂ X means that J is F -independent for
any F ∈F .
Proposition. Let X be the Σ -product of hereditarily Baire metrizable spaces Xs , s ∈ S.
Assume that X has no isolated points. Then for any countable collection F of closed
boundary relations on X, there exists a nonempty perfect F -independent set in X.
As in the case of Theorem 1.1, the metrizability can be weakened to the assumption that
Xs embeds in some Cp(Ks), for s ∈ S.
The proof combines the approach from the proof of Theorem 1.1 with the following
Lemma. Let E be a separable metrizable Baire space. If F is a countable collection of
closed boundary relations on E, then any nonempty open set V in E without isolated points
contains a nonempty perfect F -independent set.
Since the subject of this section lies outside our main topic, we decided not to go into
more details about the independent sets in this paper.
4. A game related to σ -fragmentability of functions into C(K)
We shall introduce a game in topological spaces which is a convenient tool for demon-
strating σ -fragmentability of mappings defined on products.
We shall say that a sequence {yn}∞n=1 concentrates about a compact set C in X if any
neighborhood of C contains all but finitely many yn. Any sequence concentrated about a
compact set in X has an accumulation point in X. We have also the following property
which will be vital in the proof of Proposition 4.2. If {yn}∞n=1 is a sequence in the product∏
s∈S Xs and {yn(s)}∞n=1 is concentrated about a compact set Cs in Xs , then {yn}∞n=1 is
concentrated about the compact set
∏
s∈S Cs in the product.
(A) The game Gχ . Let X be a completely regular space. The game Gχ involves two play-
ers (I) and (II) subsequently choosing pairs (a,U), where a ∈ U and U is open in X. The
game starts with (x1,V1). The response (yn,Wn) of (II) to the nth move (xn,Vn) of (I) is
restricted by the rule xn ∈ Wn ⊂ Vn, and the response (xn+1,Vn+1) of (I) obeys the rule
Vn+1 ⊂ Wn (the choice of the point yn does not limit the player (I)). The player (II) wins
the game if either
⋂∞
n=1 Wn = ∅, or else there exists a compact set C such that the sequence{yn}∞n=1 concentrates about C in X.
(B) The class X of spaces favorable for (II). Let X be the class of spaces for which the
player (II) has a winning strategy in the game Gχ ; the strategy for (II) can use, at any stage
of the game, all objects xi, yi,Vi,Wi chosen by the players at the earlier stages.
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(yn,Wn) with diamWn  1/n, player (II) always wins the game Gχ (if x ∈⋂∞n=1 Wn, then
the sequence {yn}∞n=1 concentrates about {x}).
The proof of Theorem 1.2 follows instantly from Propositions 4.1 and 4.2.
Proposition 4.1. Let X ∈ X . Then any pointwise continuous function f :X → C(K) into
the function space is σ -fragmented by the norm.
Proof. For each ε > 0 we shall introduce an auxiliary game Gf,ε related to the mapping f .
The players (I) and (II) will choose subsequently subsets of X according to the following
rules. Player (I) chooses nonempty sets E1 ⊃ E2 ⊃ · · · , (II) picks open sets W1 ⊃ W2 ⊃ · · ·
with Wn ∩ En = ∅, and always En+1 ⊂ Wn ∩ En. Player (II) wins if either ⋂∞n=1 En = ∅,
or else there is n with diamf (En) ε, the diameter being considered with respect to the
sup-norm in the space C(K).
Claim. If (II) has a winning strategy in the game Gf,ε for any ε > 0, then the map f :X →
C(K) is σ -fragmented by the norm in C(K).
To check this, let us fix ε > 0, and let us assume that (II) has a winning strategy in the
game Gf,ε . Let us recall that a collection E of subsets of the space X is an exhaustive cover
of X, if X =⋃E and for each nonempty A ⊂ X there exists E ∈ E with E ∩A nonempty
and relatively open in A, cf. [17].
Now, following the reasoning of Michael, cf. [17] proof of Theorem 7.3, one can use
the winning strategy for the player (II) in Gf,ε to define a sequence E1,E2, . . . of disjoint
exhaustive covers of X, En+1 refining En, such that whenever x ∈⋂∞n=1 En and En ∈ En,
there is n with diamf (En) ε.
Let Xn =⋃{En ∈ En: diamf (En) ε}. Since En are disjoint covers, one easily con-
cludes that the sets Xn cover X. This demonstrates σ -fragmentability of f by the norm.
With the claim at hand, it remains to show that the favorability of X for (II) in the game
Gχ allows the player to devise a winning strategy in the game Gf,ε for any ε > 0.
The main idea of the reasoning goes back to [2] and the setting follows [18], cf. also
[21,14].
Let ε > 0 be given. Player (II) fixes a winning strategy in the game Gχ . Let (I) start
from E1 = ∅. Then (II) first considers V1 = X, x1 ∈ E1, and picks the response (y1,W1) to
the move (x1,V1) of (I) in Gχ , provided by the winning strategy in this game (y1 is beyond
the game Gf,ε , but carries an essential information in setting the winning strategy for (II)).
Let n > 1 and let En ⊂ Wn−1 ∩ En−1 be the nth move of (I) in the game Gf,ε . To re-
spond, (II) considers first the finite lattice Ln generated by the functions f (y1), . . . , f (yn−1)
in C(K) and the closed ε/2-ball about Ln, i.e.,
Bn =
{
u ∈ C(K): ‖u− v‖ ε/2 for some v ∈ Ln
}
, (4)
‖ ‖ being the sup-norm. The set Bn is pointwise closed.
Now, player (II) chooses an open set Vn ⊂ Wn−1, Vn ∩En = ∅, in the following way:
if En ⊂ f−1(Bn) then diamf (Vn ∩En) ε, (∗)n
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the closure in (∗∗)n being taken in the pointwise topology τp .
Finally, picking xn ∈ Vn ∩En and considering (xn,Vn) as a move of (I) in the game Gχ ,
player (II) uses the winning strategy in this game to get (yn,Wn) (notice that the strategy
for (II) in the game Gf,ε at the nth stage makes use of all objects xi, yi,Vi,Wi defined
earlier, but only the sets Wi show up in the game).
Assume that
⋂∞
n=1 En = ∅. Then also
⋂∞
n=1 Wn = ∅, and since player (II) played
accordingly to the winning strategy in Gχ , the sequence {yn}∞n=1 concentrates about a
compact set in X. Hence, the sequence {yn}∞n=1 has an accumulation point y ∈
⋂∞
n=1 Wn.
Then f (y) is in the pointwise closure of the lattice
⋃∞
n=1 Ln. By the Stone–Weierstrass
theorem the pointwise closure of the lattice coincides with the norm closure, and hence
f (y) ∈ Bn for some n, cf. (4). Since f (y) ∈ f (Vn)τp , this shows that the set Vn has been
chosen under the clause (∗)n, i.e., diamf (En+1)  ε. Therefore the strategy is winning
for (II) in the game Gf,ε . 
Notice that the above proof uses only the fact that the sequence {yn}∞n=1 has an accumu-
lation point. However, the next proof requires the stronger property of concentration of the
sequences about compact sets.
Proposition 4.2. If Xs , s ∈ S, belong to the class X , then so does the product∏s∈S Xs .
Proof. In short, if the game Gχ is favorable for (II) in Gχ(Xs), then the “coordinate
strategy” works for (II) in the game Gχ(
∏
s∈S Xs).
To be more specific, let us assume that (II) has chosen for each s ∈ S a winning strategy
in the game Gχ(Xs) and let us fix a point a = (as) ∈∏s∈S Xs .
Let (xn,Vn) be the nth move of (I) in the game Gχ(
∏
s∈S Xs). To respond, (II) considers
first a basic neighborhood U =∏s∈S Us with Sn = {s ∈ S: Us = Xs} being finite, and
xn ∈ U ⊂ Vn. Then, for s ∈ Sn, player (II) picks (zs,Os), zs ∈ Os ⊂ Us , responding to the
move (xn(s),Us) accordingly to the strategy in Gχ(Xs). Finally (II) declares (yn,Wn),
where Wn =∏s∈Sn Os ×
∏
s /∈Sn Xs , yn(s) = zs for s ∈ Sn, and yn(s) = as for s /∈ Sn, as
the nth move in the game Gχ(
∏
s∈S Xs).
Assume that
⋂
nWn = ∅. Then, in each “coordinate game”, the success of player (II)
assures that the sequence {yn(s)}∞n=1 concentrates about a compact set in Xs . In effect, as
was noticed right after introducing this notion, the sequence {yn}∞n=1 concentrates about a
compact set in the product. Therefore, (II) wins the game. 
5. Some supplements to Theorem 1.2
5.1. Closed subsets of Σ -products
We shall indicate a subclass of X containing all metrizable spaces, stable under the
Σ -product operation and hereditary with respect to closed subspaces. In effect, we shall
obtain the following
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f :Y → C(K) be a pointwise continuous map into the function space. Then f is σ -frag-
mented by the norm in C(K).
To this end we restrict the rules of the game GX demanding that player (II) should keep
yn = xn, the point chosen by player (I) at the nth stage of the game. With this additional
restriction, player (I) gains nothing by making the sets Wi chosen by (I) smaller, and hence,
one can assume that V1 = X and Vn+1 = Wn. In effect, we have a game G′X in which
player (I) chooses points xn (with xn ∈ Wn−1 for n > 1) and (II) responds with open sets
Wn containing xn (with Wn ⊂ Wn−1 for n > 1). As in GX , player (II) wins whenever either⋂
nWn = ∅, or else the sequence {xn}∞n=1 concentrates about a compact set.
The class X ′ of spaces favorable for player (II) in G′X is the subclass of X we were
looking for. Evidently, all metrizable spaces are in X ′, if X ∈ X ′ and Y is closed in X
then Y ∈X ′, and, mixing the argument from the proof of Proposition 4.2 with a reasoning
indicated in [7, 3.10.D], one can show that the Σ -products of spaces from X ′ belong to X ′.
5.2. Closed subsets of products
Theorem 1.2 does not hold for arbitrary closed subspaces of products of metrizable
spaces.
Indeed, let βω be the ˇCech–Stone compactification of the natural numbers and let
Cw(βω) be the function space on βω equipped with the weak topology (i.e., we consider
the Banach space l∞ with the weak topology). The space Cw(βω) is realcompact [4, Exam-
ple 1], i.e., Cw(βω) embeds as a closed subspace in some power Rτ of the real line. How-
ever, Jayne et al. proved in [12] that the continuous identity map id :Cw(βω) → Cp(βω) is
not σ -fragmented by the norm in C(βω).
5.3. Subspaces of Cp(K) which have the Namioka property but are not σ -fragmented by
the norm
Let L be an arbitrary compact space and let A(Γ ) be the one-point compactification of
the discrete space Γ with the cardinality |Γ | = |C(L)|. Let Γ = {γf : f ∈ C(L)}, let ϕf,n
be the continuous function on the free union L⊕A(Γ ) defined by
ϕf,n(u) =


f (u) for u ∈ L,
1/n for u = γf ,
0 for u ∈ Γ \ {γf },
and let ϕf coincide with f on L and vanish on A(Γ ). We shall consider the subspace XL =
C ∪ D of Cp(L ⊕ A(Γ )), where C = {ϕf : f ∈ C(L)} and D = {ϕf,n: f ∈ C(L), n =
1,2, . . .}.
Then C is a closed subspace of XL which can be identified with Cp(L). Since D is
an open dense discrete subspace in XL, the space XL has the Namioka property. If the
identity id :Cp(L) → C(L) is not σ -fragmented by the norm, then the identity id :XL →
C(L⊕A(Γ )) is pointwise continuous and not σ -fragmented by the norm. Hence, by [12],
the space XL with L = βω has the required properties, cf. Section 5.2.
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The Hurewicz’s theorem [10] provides a characterization of metrizable hereditarily
Baire spaces. We shall extend this characterization to all subspaces of Cp(K)-spaces.
Proposition 6.1. Let X be a first category space that embeds in some Cp(K). Then X
contains a nonempty countable perfect set.
Proof. Let X ⊂ Cp(K), X =⋃∞n=1 Fn, where Fn are closed and boundary in X.
We begin with an observation reducing the problem to the case of metrizable K . Since
Cp(K) has countable tightness [22, Theorem 13.4.1], Lemma 2.1 yields a countable set
Y = {f1, f2, . . .} in Cp(K) such that Y ∩Fn is boundary in Y for all n. Let ψ = (fn) :K →
R
N be the diagonal map, L = ψ(K). The adjoint map u → u ◦ ψ embeds Cp(L) onto a
closed subspace of Cp(K) containing Y .
In effect, we can deal with X∩Y , which embeds in Cp(L) with metrizable L, instead of
X ⊂ Cp(K). To simplify the notation we shall assume from now on that K is metrizable.
By [7, 3.4.H(a)], for each f ∈ X we can fix neighborhoods Vn(f ), n = 1,2, . . . , satis-
fying ⋂
n
Vn(f ) = {f }. (5)
Inductively, we shall define finite sets A1 ⊂ A2 ⊂ · · · ⊂ X and neighborhoods Un(f ),
f ∈ An, such that
Un(f )∩Un(g) = ∅ for distinct f,g ∈ An, (6)
Un(f ) ⊂ Vn(f ) for f ∈ An, (7)
and setting
Un =
{
Un(f ): f ∈ An
}
, Un =
{
Un(f ): f ∈ An
}
, (8)
we have
Un+1 refines Un. (9)
We start with A1 = {f }, where f ∈ X is arbitrary. Assume that An, Un are defined.
Using compactness of Kn, for each f ∈ An we choose a finite set Bn(f ) ⊂ Un(f ) \ ({f }∪
F1 ∪ · · · ∪ Fn) such that⋃
g∈Bn(f )
{
(x1, . . . , xn): max
i
∣∣f (xi)− g(xi)
∣∣< 1/n}= Kn, (10)
cf. [22, Lemma 13.4.1].
Then we let
An+1 = An ∪
⋃{
Bn(f ): f ∈ An
} (11)
and we end the inductive step by choosing Un+1(f ), f ∈ An+1, so that conditions (6)–(9)
are satisfied together with the condition
Un+1(f )∩ (F1 ∪ · · · ∪ Fn) = ∅ for f ∈ An+1 \An. (12)
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A =
⋂
n
⋃
Un =
⋂
n
⋃
Un (13)
is a countable perfect set we were looking for.
First, let us notice that, cf. (11),
A =
∞⋃
n=1
An. (14)
Indeed, let h ∈ A, i.e., h ∈ U1(f1)∩U2(f2)∩· · · , where fn ∈ An. Let us fix m with h ∈ Fm.
By (12), fn ∈ Am for nm, which implies, by (6), fm = fm+1 = · · · = f ∈ Am. Then (5)
and (7) yield h = f . This demonstrates the inclusion ⊂ in (14), and the opposite one is
transparent.
To complete the proof it is enough to show that
⋃∞
n=1 An has no isolated points. Let
f ∈ Am. Then (10) guarantees that f is in the closure of ⋃n>m Bn(f ) and hence f ∈⋃
n>mAn \ {f }. 
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